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For SC R, let G(P’) denote the graph, obtained from all the points of the real 
d-space Rd having their coordinates in S, by connecting every two points which are 
at distance one. If  S= Q (the rationals), or Q[$], or Q[a] where a is a real 
algebraic number, then G(Sd) is shown to be connected for all large values of d. 
Similar results are obtained in the case of S= Qcn $1, where the distance is 
computed in the /,-norm, p an integer, p> 3 and nj p (or n= 2). !Q  1990 Academic 
Press. Inc. 
For a subset S of the reals R, let G(Sd) denote the graph, obtained by 
taking all the points of the real d-space Rd having coordinates in S, and 
connecting two such points by an edge if and only if their distance is one. 
It is well known [6] that x(G(Q*)) = 2; Benda and Perles [l] proved 
the following (see also [S]). 
THEOREM 1. x(G(Q2)) = x(G(Q')) = 2; x(G(Q4)) = 4; G(Q”) has 
infinitely many connected components for d < 4, and it is connected for all 
dZ5. 
Recently, K. B. Chilakamarri [2] proved that G(Qd) is disconnected for 
2 < d < 4, and is connected for all d > 5. 
Unaware of [l], we proved the following. 
LEMMA 1. Zf S c R is additive (i.e., x, y E S -+ x + y E S) and 
((f)” 1 n E N) c S, then x(G(Sd)) = 2 imp&es that G(Sd) has infinitely many 
connected components. 
Proof (see also [ 11). It s&ices to show that G(Sd) contains no paths 
between the points (l/2”, 0, . . . . 0) = A and (l/2”, 0, . . . . 0) = B, where n > m. 
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Suppose P is an AB-path in G(Sd); let x + P denote the translation of P 
by the point x, and let k = 2”- m - 1. The path T, defined by 
T = U r= 0 [ i( B - A) + P], is in G( S, d), since S is additive; T connects A to 
the point (k, 0, . . . . 0) + A, and T has an even number of edges (being 
the union of k+l translates of P); T~U~=~[(k+l-i,0,...,0)+A; 
(k - i, 0, . . . . 0) + A] is an odd cycle in G(Sd), in contradiction with 
x(G(Sd)) = 2. 
It follows that G(Q’) and G(Q3) h ave infinitely many connected com- 
ponents. 
To show that G(Qd) is connected, for all d > 5, it suflices to show the 
following. 
CLAIM 1. Zf d > 5, then for all n E N, the origin (0, 0, . . . . 0) is connected 
to (l/n, 0, . . . . 0) in G(Qd). 
Once we have proved the claim, then by taking m suitable translations 
of the path from (0, 0, . . . . 0) to (l/n, 0, . . . . 0) one gets a path from (0, 0, . . . . 0) 
to (m/n, 0, . . . . 0), and similar applications of the claim to the rest of the 
coordinates show that (0, 0, . . . . 0) is connected in G(Qd) to every point of 
G(Q”). 
Proof of the Claim (see also [ 1,2]). It is well known (Lagrange’s 
theorem, see [3, p. 3021) that every positive integer is the sum of four 
squares, so let 4n2 - 1 = a2 + b2 + c2 + d2, where a, b, c, dE JV’ u (0). It 
follows that if d > 5, the origin (0, 0, . . . . 0) is connected in G(Qd) to (1/2n, 
af2n, b/2n, cJ2n, d/2n, 0, . . . . 0), which, in turn, is connected in G(Qd) to 
(2/2n, 0, 0, . . . . 0), as claimed. 
Thus G(Qd) is a connected graph for all da 5. 
We continue with a treatment of G(Q”); the easy part of Legendre’s 
result [3, p. 310, line 321 asserts that no sum of three squares is congruent 
to 7 (mod 8). 
To show that G(Q”) has infinitely many connected components, let A(n) 
be defined, for every n E N u (O}, as the set of points of Q4 having the 
representation of the form 
( X Y z t 2”(2c + 1)’ 2”(2c + 1)’ 2”(2c + 1)’ 2”(2c + 1) > ’ (*I 
where at least one of x, y, z, t is odd, if n > 1, and g.c.d. 
(x, y, z, t, 2c + 1) = 1. 
Let B(l)=A(O)uA(l) and B(n)=A(n) for all na2. 
CLAIM 2. For 1 <n cm, no point of B(n) is connected in G(Q’) to any 
point of B(m). 
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Proof If PE B(n) and Q E B(m), then it follows easily that 
P- Q E B(m); thus it suffices to show that no point of B(n), n k 2, is con- 
nected by an edge to the origin (0, 0, 0,O) in G(Q4). Suppose, on the con- 
trary, that for some n 2 2, a point of B(n) of the form (*) is at distance 1 
from the origin. It follows that x2 + y* + z* + t2 = 2*“(2c + l)*, where say I 
is odd, x=2k+ 1. Thus y2+zZ+t2=2*“(4c(c+ l)+ l)-4k(k+l)-1, 
implying that y* + z2 + t* z 7 (mod 8), in contradiction with Legendre’s 
theorem. 
It follows that, regardless of the connectedness of B(n), G(Q4) has 
countably infinite many connected components. 
Observe that since the Lemma treats the sum of at most three squares, 
similar arguments applied to G(Q3) and G(Q2) yield another proof that 
G(Q3) and G(Q’) have countably infinite many connected components, 
independent of the 2-colourability of G(Q3) and G(Q’). 
For a proof of the disconnectedness of G(Qd), 2 <d< 4, see [2]. 
We extend these results as follows. 
THEOREM 2. For all k E ,.Y, G( Q[&ld) is connected for all d > 5. 
Proof: It s&ices to show that (&In, 0, 0, . . . . 0) is connected to the 
origin there; for given k and n, let m E A’” be such that 4m2n2 - k 2 1. 
By Lagrange’s theorem there exist a, 6, c, deM u {0}, such that 
a2 + b* + c2 + d2 = 4m2n2 - k. Thus, for all 1 ,< j < m, (( 2j - 1) $/2mn, 
a/2mn, b/2mn, c/2mn, d/2mn, 0, . . . . 0) is connected by an edge to 
(2j &/2mn, 0, . . . . 0) and also to ((2j - 2) ,/%/2mn, 0, . . . . 0), therefore the 
origin is connected in G(Q[&]“) to (d/n, 0, . . . . 0). Thus G(Q[&ld) is 
connected, for all db 5. 
Observe that our method actually implies the following: Let F be either 
QCJi;TT Ji;;> ..*) &I, kit Jlr, or else F is the field of all the (finite) 
linear combinations of {& 1 jo M} with coefficients in Q; let G(Fd) be the 
corresponding graph, obtained by taking all the points of Ed having coor- 
dinates in F, and connecting two if they are at distance 1. Then for all 
d> 5, G(Fd) is a connected graph. 
The cases 2 < d < 4 are more complicated for G(Q[&]“); we continue 
with 
THEOREM 3. For all k s 1,2, 3, 5,6 (mod 8), G(Q[$]‘) has countably 
infinite many connected components. 
Proof: If k is a square, then Q[&] = Q and the assertion has been 
146 JOSEPH ZAKS 
shown to hold. Suppose k is not a square. Let C(n), n 20, denote the 
collection of all the points of Q[,,&]’ of the form 
a+bJjf c+dfi 
2”(2e + 1)’ 2”(2e + 1) (**) 
where at least one of a, b, c, d is odd, if n 3 1, and g.c.d. 
(a, b, c, d, 2e + 1) = 1. 
If P E C(n) and Q E C(m) where n < m, then P - Q E C(m), thus it suffices 
to show that for all n > 2, no point of C(n) is connected by an edge to the 
origin. Suppose a point P of C(n), n > 2, has the form (**) and is of 
distance 1 from the origin; then 
a2 + kb’ + c* + kd2 = 22”(2e + 1)2 
and 
ab+cd=O. 
If k = 1 (mod 8), then a2 + b2 + c* + d * G 0 (mod 8); at least one of a, b, 
c, and d is odd, hence if say d is odd, then a2 + b2 + c2 G 7 (mod 8), in 
contradiction with the Legendre’s theorem. 
If k = 2 (mod 8), then u2 + 2b2 + c2 + 2d2 E 0 (mod 8), and ub + cd = 0. If 
b is even, then 2b2 = 0 (mod 8), yet u2 + c2 + 2d2 g 0 (mod 8) since one of 
a, c, and d is odd; thus b and likewise d are odd. 2b2 + 2d2 5 4 (mod 8), 
hence u* + c* ~4 (mod 8), implying that say u* z 0 (mod 8) and e2 E 4 
(mod 8), where a ~0 (mod 4) and CE 2 (mod 4). However, ub+ cd#O 
since ub = 0 (mod 4) and cd s 2 (mod 4). 
If k - 5 (mod 8), then a2 + 5b2 + c2 + 5d2 - 0 (mod 8). 5b2 + 5d2 is either 
congruent to 2 (mod 8), if both b and d are odd; or it is congruent to 1 or 
5 (mod 8) if one of b and d is odd and the other is even; or it is congruent 
to 0 or 4 (mod 8) if both b and d are even. Thus 5b2 + 5d2 + u2 + c2 f 0 
(mod 8), when at least one of a, b, c, and d is odd. 
If k = 6 (mod 8), then u2 + 6b2 + c2 + 6d2 = 0 (mod 8) and ub + cd = 0. If 
b and d are even, then 6b2 + 6d2 = 0 or 4 (mod 8), hence u2 + c2 E 0 or 4 
(mod 8), which implies that u and c are even, yet at least one of a, b, c, and 
d is odd. If b is odd and d is even, then 6b2 + 6d2 - 2 or 6 (mod 8), so it 
must be congruent to 6 (mod 8) and u2 + c2 5 2 (mod 8) and hence a and 
c are odd. However, ub is odd and cd is even, hence ub + cd # 0. If b and 
d are odd, 6b2 + 6d2 E 4 (mod 8) thus u2 + c2 z 4 (mod 8); this implies that 
say a2 (mod4) and CEO (mod4); thus ub=2 (mod 4) and cd-0 
(mod 4), therefore ub + cd # 0. 
If k E 3 (mod 8), then u2 + 3b2 + c* + 3d2 = 22”(2e + 1)2 and ub + cd= 0; 
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since a2 + 3b2 + c2 + 3d2 s 0 (mod 8) and one of a, b, c, and d is odd, it 
follows easily that all of them are odd. We check them, next, depending on 
being congruent to 1, 3, 5, or 7 (mod 8), observing that a2 + 3b2 + c2 + 
3d2 s 0 (mod 16); a tedious, yet elementary checking reveals that it is 
impossible for odd a, 6, c, and d to satisfy a2 + 36’ + c* + 3d’ - 0 (mod 16) 
and ab + cd s 0 (mod 8); we omit the details of this part. 
This completes the proof of the Theorem. 
If one looks at G(Q[&]*) f or s q uare-free k, then k f 0,4 (mod 8), 
so only k = 7 (mod 8) are missing. Our methods are not applicable for 
k E 7 (mod 8); in fact, the following points of Q[$]’ for k = 7 (mod 8) 
are at distance 1 from the origin: ( 1/22)(1 + fi, 1 - fi); (1/23) 
(5+,/j, 5-J?); (1/24)(11 +fi, ll-$); (1/2’)(181 +J;i, 181 -3); 
we are unable to decide if G( Q[J?]‘) is a connected graph. Other points 
of the same interest are (1/23)(3 + a, 3 - fi); ( 1/22 . 5) 
(13 + fi, 13 - ,,J’%); (1/22. 7)(19 + a, 19 - fi); and (1/22. 3) 
(5+@, 3+/z); . g m eneral, (1/2”)( 1 + Jm, 1 - Jm) 
and for every odd a, (1/2”)(a + dm, a - Jm). 
For every k E ,Ir, the graph G(Q[$]“) is connected for all d> 7, as can 
be easily obtained by using previous ideas and the point 
,j@ xl+@ x,+p a b c d 
-- - - 2A!in’ 2Mn ‘, 2A4n ’ 2A4n’ 2Mn’ 2Mn’ 2Mn’ 0, . ..) 0 i , 
CC= 1 or 2, x1 and x2 are so chosen (in Q) that makes t = p + 
(xi + $)‘-t- (x2 + P)‘E Q; M in .M is so chosen such that 
4&f%’ - t > 0; if 4M2n2 - t = r/s E Q then a2 + b2 + C2 + d2 = rs and r/s = 
zfi; (ti/~)~ + (6/s)* + (E/s)~ + ($s)~, so a = G/s, b = b/s, c = E/s, and 
S. 
This can be extended as follows: 
1. For each k o M and even m, the graph G(Q [ $1“) is connected 
for ail d> m/2 + 5; our proof uses the points of the form 
& (fi, x2 + @, x4 + CJ@, . . . . x,,-~ + e, a, b, c, d, 0, . . . . 0). 
2. For each k E N an odd m, the graph G( Q[ @Id) is connected for 
all d> m + 4; our proof uses the points of the form 
& (@, x1 + fi, x2 + @, . . . . x,,_ , + F, a, b, c, d, 0, . . . . 0). 
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3. Combining Nos. 1 and 2, it follows that if F is any finite extension 
of Q in Q[(filk n E M}], then G(Fd) is connected for all large d. 
We have the following. 
THEOREM 4. For every algebraic number a, G(Q[ald) is a connected 
graph for every large d; if a is the root of a polynomial of degree n over Z, 
then G(Q[ald) is connected for all d > n + 4. 
Proof: Let a be the root of P(x), where P(x) =x7=, a,xi, a,, # 0, aj E Z. 
Using our previous idea, it suffices to show that for every t, k E JV, there 
are ME JV, x,, . . . . x, i, p, q, r, s in Q such that the following point has 
distance 1 to the origin: 
L( k 
2Mt 
a , xl + a, x2 + a2, . . . . x,- 1 + an- ‘, p, q, r, s, 0, . . . . 0). 
aZk + Cr<i azi is an element of Q[a], hence [when taken mod P(a)] has 
the form cr:d bjaj, where bjE Q. 
Equating to 1 the square of distance of the said point to the origin, we 
get 
1 n-l n-l n-l 
I=----- 
4M2t2 
a2k+ C a”+2 1 x,aj+ 1 xf+p2+q2+r2+s2 
i= 1 j=l i=l 1 
n-1 n-1 
,I a’Cbj+2xj]+b,+ 1 xf+p2+q2+r2+s2 . 
,=I i=l 1 
Let xj be defined by xj = - ib,; let M be a big integer such that 4M2t2 > 
6, + C;:; x;. 
Let 4M2t2 - b, - 1;:: xf = cz/fl E Q. Using Lagrange’s theorem, there 
exists ~7, 4, F, and S integers for which 
ap = j2 + cj2 + r2 + s2, 
thus 
defining p = p//8, q = 418, r = F/p, and s = S/p, we get that xi, . . . . x, _ , , 
p, q, r, s E Q and the said point is at distance 1 from the origin. 
This completes the proof of Theorem 4. 
In a similar way, it can be shown that if a,, . . . . ak are algebraic numbers, 
then G(Q[a,, . . . . akId) is connected for all large d. 
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The following extensions are possible: recall that the 1, norm (=distance 
from the origin) of XE Rd, denoted by jIxJJP is defined by llxllP = 
[Cy= i l~~j~]“~. Let us also recall the Waring’s problem [3, p. 2971, which 
looks for every kEJlr, for the least number g(k) such that every positive 
integer is the sum of kth power of at most g(k) integers. 
Let G(Sd, p) denote the graph, obtained from V(G(,Sd)) by connecting 
two points if and only if their I, distance is one. 
This extension was suggested by the referee, who mentions the following. 
COROLLARY 1. For every fixed integer p, p 3 2, G(Qd, p) is a connected 
graph, for large d. 
The proof is a straight extension of the proof of Claim 1, hence it is 
omitted. 
We have the following. 
THEOREM 5. For all integers k Z 0 and p 3 2, G( Q/J%]“, p) is a 
connected graph, provided d > g(p) + 2. 
Proof It suffices to show that (a + b 4, 0, . . . . 0) is connected to the 
origin in G(Q[,,&ld, p), 
(a-b Jif)” E Q. 
where a, be Q. For all p, (a + b $)p + 
Let p be even; for a suitable M, the origin is connected in G(Q[&]‘, p) 
to the point (1/2M)(a + b a, a-b fi, xi, . . . . x,) if and only if 
(a + b &)p + (a - b 3)” + Cf= i xp = (2M)P; so choose ME JV such that 
(2M)P- (a+ b \ljf)p- (a-b J%)p>O (left hand side is in Q), and 
if t > g(p), choose X~E Q such that C xp = (2M)” - (a + b v:‘;), - 
(a - b &)p. Thus the origin is connected to (1/2M)(a + b $, a-b A, 
x i, . . . . xt), which is connected to ((a + b ,,&)/A4, 0, . . . . 0); the rest follows. 
If p is odd, a - b fi might be negative, so we proceed as follows: 
(a + b 4, 0, . . . . 0) is connected in G(Q[&ld, p) to (a + ,j+ b J& 0, . . . . 0), 
for all Jo Z; pick j such that a + j-b & > 0 and proceed as in the 
previous case. 
THEOREM 6. For all integers n, p 3 2, k> 0, such that n 1 p, 
G(Q[J%]“, p) is a connected graph for all d, da g(p) + 1. 
Proof It suffices to show that for all m, 0 <m < n, the origin is 
connected in G(Q[.J’%]‘, p) to (a .$@, 0, . . . . 0), a E Q. The origin is con- 
nected by an edge to (1/2M)(a fl, ax, p, . . . . ax, fl), if and only if 
C;= 1 xf = ((2M)P)/(k”P’” . [alp) - 1. Thus if nl p and A4 is big, then the 
right hand side is positive (in Q); if t 2 g(p), there exists xi, . . . . x, in Q for 
which the said equation holds. Thus, the origin is connected by an edge 
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to (1/2M)(a F, ax, $@‘, . . . . ax, $?), which is connected by an edge 
to ((a/M) JF, 0, . ..) 0); the rest follows. This completes the proof of 
Theorem 6. 
Observe that for even p, G( [&I’, p) is connected for all d 2 g(p) + 1, 
by Theorem 5. 
ACKNOWLEDGMENTS 
We thank P. Johnson for inspiring this work by his talk [4] and for informing us of [l]; 
we thank also the referee for his remarks. 
REFERENCES 
1. BENDA AND M. PERLES, Colorings of metric spaces (probably unpublished). 
2. K. B. CHILAKAMARRI, Unit-distance graphs in rational n-space, Discrete Math. 69 (1988) 
213-218. 
3. G. H. HARDY AND E. M. WRIGHT, “An Introduction to the Theory of Numbers,” 4th ed., 
Oxford Univ. Press, London/New York, 1960. 
4. P. JOHNSON, Talk at the Ontario Combinatorics Workshop, University of Waterloo, 
Nov. 12-14, 1987. 
5. P. D. JOHNSON, Coloring abelian groups, Discrete Math. 40 (1982), 219-223. 
6. D. R. WOODALL, Distance realized by sets covering the plane, J. Combin. Theory Ser. A 14 
(1973), 187-200. 
